Whitney map for $ = 2xor C(X), then Whitney levels u~x(t) are coverings of X which, as t gets close to zero, converge to ío-1(0) = X. Hence, it is of interest to obtain information about the structure of Whitney levels and determine those properties which are preserved by the convergence of positive Whitney levels to the zero level. A topological property P is said to be a strong Whitney-reversible property [20 or 21] provided that whenever X is a continuum such that u~x(t) has property P for some Whitney map u for C(X) and for 0 < t < u(X), then X has property P. The notions of Whitney property and strong Whitney-reversible property are "converses" to each other. A topological property P is said to be a sequential strong Whitney-reversible property [20 or 21] provided that if A is a continuum such that there is a Whitney map u for C(A) and a decreasing sequence {tn}n=l2 -> 0 as n -» oo such that u~x(tn) has property P for each n, then X has property P. Clearly, sequential strong Whitney-reversible property implies strong Whitney-reversible property.
The purpose of this paper is to investigate Whitney properties, strong Whitneyreversible properties and sequential strong Whitney-reversible properties.
In [20] , S. B. Nadler proved that the property of being arcwise connected is a Whitney property. In relation to this result, J. T. Rogers had the following problem [16, 112] : Is the property of being pointed 1-movable a Whitney property? In the first section, we show that for any continuum A and any Whitney map u for 2* or C( A), u~x(t) is an approximate strong deformation retract of <d-1([s, t]) for 0 < s < t < u(X). As a corollary, it is shown that Rogers' problem has an affirmative answer. Also, it is shown that some shape properties are sequential strong Whitneyreversible properties, e.g., the property of being approximately «-connected ( = AC") or fundamental dimension < n, etc. In [21] , S. B. Nadler proved that for any given n < oo, the property of dimension «s n is a strong Whitney-reversible property. He had the following question [21, (2.10)]: Is the property of dimension ^ n a sequential strong Whitney-reversible property? In the second section, we show that for a given ANR M, the property of being extendable with respect to M is a sequential strong Whitney-reversible property. As a corollary, we obtain that the property of (cohomological) dimension < n is a sequential strong Whitney-reversible property. In [10] , J. Krasinkiewicz showed that the property of being chainable or proper circle-like is a Whitney property. In [20, (14. 57)], S. B. Nadler asked if the converses to Krasinkiewicz' results are true, i.e., is the property of being chainable or circle-like a (sequential) strong Whitney-reversible property? In [21, (5.5), (5.7) and 33], it was shown that the answer to this question is "yes" in the hereditarily indecomposable case and in the hereditarily decomposable case. In §3, we show that the property of being chainable or circle-like is a sequential strong Whitney-reversible property. In [22] , A. Petrus showed that the property of being an FAR is not a Whitney property. More precisely, she showed that there exist a 2-dimensional FAR X (in fact, A" = a disk) and a Whitney map u for C(X) such that u~x(t) is not an FAR for some t e (0, u( A")). Also, she proved that if A is a dendrite (= 1-dimensional AR), then for any Whitney map u for C(X), u~x(t) is contractible for each t e [0, u(X)]. She had the following question: Is the property of being contractible a Whitney property for 1-dimensional continua? In §4, we prove an "approximation theorem for
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Whitney maps." By using this theorem, we show that the property of being an FAR is a Whitney property for 1-dimensional continua. In the last section, we give some problems that are related to this paper.
Almost all of the results in this paper are proved by the ideas and techniques of ANR and shape theories. The author believes that those theories are also very useful when studying the structures of Whitney maps.
We refer readers to [1, 4, 8 and 18] for shape theory and strong shape theory, and to [20] for hyperspaces theory.
Shapes of u~x(t) and «_1([s, /]
). In this section, we show that for any Whitney map u: .£> -* [0,u(X)] for £> = 2X or C(A), u'x(t) is an approximate strong deformation retract of u'x([s, t]) for 0 < s < t < u( X). In particular, Sh(w_1(0) = Sh(«_1([J> t]). As a corollary, it is shown that pointed 1-movability is a Whitney property. Also, it is shown that some shape properties are sequential strong Whitney-reversible properties.
A Clearly, the inclusion i: X <-> Y is a (strong) shape equivalence (e.g., see [1, 4, 8 or 18] ). Hence Sh( X) = Sh(F). A continuum X is said to be pointed 1-movable [13 or 18] provided that for any ANR M containing X and each neighborhood U of X in M, there is a neighborhood V c U of X in M such that each loop in (V, x0) can be deformed within ([/, x0) into any neighborhood of X in M. It is well known that planar continua are pointed 1-movable but nonplanar circle-like continua are not pointed 1-movable. Let A be a continuum and x, y g X. Then we say that x and y are joinable in A [13 or 18] provided that for any ANR M containing X, there is a mapping cp: I X [0, oo) -» M satisfying the condition <p(0, i) = x, <p(l, t) = y for each t g [0, oo), and for each neighborhood U of X in M there is a real t0> 0 such that <p(I x [r0co)) c U.
Such a map <p is called an approximate path from x to y in X. If each pair of points of X is joinable in X, then X is said to be joinable.
Note that the properties of being "approximate strong deformation retract" and being "joinable" are not dependent on the choice of ANR M and embeddings of X and Y into M (cf. [1 and 13] ).
In relation to pointed 1-movability and joinability, J. Krasinkiewicz and P. Mine proved (1.1) (J. Krasinkiewicz and P. Mine [13] ). A continuum X is pointed 1-movable if and only if X is joinable. In particular, arcwise connected continua (more generally, X-connected continua) are pointed 1-movable.
The following result will be used many times in this paper.
(1.2) (L. E. Ward, Jr. [30] ). // Y is a continuum and X is a subcontinuum of Y, then any Whitney map for C(X) (resp. 2X) can be extended to a Whitney map for C(Y) (resp. 2Y).
The main result in this section is the following (1.3) Theorem. Let X be a continuum and let u: § -> [0,u(X)] be any Whitney map for !g = 2X or C(X). Then u~x(t) is an approximate strong deformation retract of u~x([s, t]) for 0 < s < t < u(X). In particular, Sh(u-\ty) = Shi«"1^, *D)- As a corollary of (1.1) and (1.4), we have (1.5) Corollary.
For any Whitney map u for C(X), if u~x(t) is pointed 1-movable for some t G [0, u(X)], then u~x(t') is also pointed 1-movable for t' > t. In particular, the property of being pointed 1-movable is a Whitney property. (1.8) Example. It is easily seen that if A" is a Peano continuum, then for any Whitney map w for § = 2X or C(A), u~x(t) is a strong deformation retract of w"'([i, z]) for 0 < s < / < u(X). For such a case, this is a stronger result than (1.3). But, if A is not a Peano continuum, u'x(t) is not always a strong deformation retract of w_1([s, z]). Moreover, u'x(t) is not always homotopy equivalent to w"'([s, z]). Consider the following subsets X, Y in the plane E2 and Z in the Euclidean 3-dimensional space E3 (see Figure 3) . . Note that for some e > 0 and any z g (0,u(X)) there is no mapping g: u-l(0)^ u-\t) such that p$({x}, g({x})) < e for x g A" (cf. (3.1)).
In (1.3), if í = 0 and z = u( X), we have the following well-known result.
(1.9) (J. Krasinkiewicz [12] ). If X is a continuum, then Sh(C( A")) = Sh(2*) = *.
(1.10) Corollary. Let X be a continuum and let u be a Whitney map for § = 2X or C(X). Suppose that z, > t2> t3> ■ ■ • is a decreasing sequence of positive numbers in [0, u( X)] and t = lim" _ x z". Then (1) (S. B. Nadler [21] or A. Koyama [9] ). // u~x(tn) is contractible with respect to an ANR M, then u~x is contractible with respect to M. In particular, the property of being an FAR is a sequential strong Whitney-reversible property.
(2) (S. B. Nadler [21] ). If H'(u-X(tn)) = 0, then H((u-\t)) = 0. Proof. Note that u'x(t) = r\?"fU~x([t, tn]). The proof follows from the following commutative diagram in shape category (see [1, 18] for the definition of shape category):
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use where ry u~x([t, z"]) -> u~x(tn) is a (strong) shape equivalence that is induced by the maping ry u'x([t, z"]) X [0, oo) -> $' as in the proof of (1.3). By continuity of shape, (l)- (5) are easily proved.
(1.11) Corollary.
Let X be a continuum and let u be any Whitney map for $ -2X or C(X). If X is an FANR, there is t0 G (0, u(X)) such that Sh(A") < Shi«"1^))
for each t G [0, z0].
Proof. Since A" is an FANR, by [3] , there is z0 g (0,u(X)) such that w(0) is an approximate retract of co^^O, z0]), i.e., there is a mapping r: w_1([0, z0]) X [0, oo) -» M satisfying condition (*), where M is an ANR that contains u~x(0). Hence w-1(0) is (strong) shape dominated by «^ ([O, z0] ). Since w_1([0, t]) is (strong) shape equivalent to u'x(t), X is (strong) shape domainated by u~x(t) for 0 < z < z0.
(1.12) Example. In the statement of (1.11), we cannot conclude that Sl^A") = Sh(w"'(z)) for 0 < t < z0. Consider the following sets (see [22, Example 5] . In the Euclidean 3-dimensional space E3, let A0 = {(x, y, z) g F31 x2 + y2 = 1, z = 0} and A"= {(x, y, z) G F3 \x2 + y2 = 1, z = 1/2"-1} (n = 1,2,...). Let X" be the annulus that is contained in the sphere with center (0,0,3/2"+1) and radius /l +(l/2"+1) and is bounded by circles An and An+1. Let Y = \)™_fXn, Z = \(x, j\ z) G F3 |x2 + j>2 < 1 and z = 1}, and T = Y U Z. Let Pn be paths in F3
and let Tn be a reduced copy of T in F3 such that lim diam T" = 0, lim diam P" = 0, P, n Pj= 0, T¡r\Tj = 0 (i *j), and F, n T¡ = {*}, F, n Ti+1 = {*} as below (see Figure 4 ). Set X = U"_, P" U U~_, F". Note that X is an AR, hence an FAR.
Let S" = {(x, y, z) e F3 \(x -(3/2"+1))2 + ^2 = (l/2"+1)2} (zz = l,2,...) and let S = U"_15n (see Figure 4 ). Let u: C(X) -> [0,w(A')] be the Whitney map for C( A") as defined by [31] and the usual Euclidean metric. Then, by similar argument as in [22, Example 5] , there is a decreasing sequence tx > t2 > ■ ■ • of positive numbers in [0,««¡(A")] such that limtn = 0 and for each n there exist mappings /": u'l(t") -* S and g": S -* u-x(t") such that fngn = ls. Since S is not an FANR, u~x(t") is not an FANR, i.e., the property of being FANR is not a Whitney property. Also, Sh^"1^,,)) * Sh(X) = *.
In [29] , J. T. Rogers showed that there is always a monomorphism Hx(u~x(t)) -* HX(X) for any continuum X, any Whitney map u for C(X), and 0 < z < u(X). In [15], A. Y. Lau showed that if A" is a 1-dimensional continuum and Hx(X) is finitely generated, then there is 0 < t < u(X) such that HX(X) = Hx(u-X(s)) for each s < z. Now, we shall give more precise information about the morphism Hx(u'x(t)) -* HX(X) and show that in the result of Lau the condition that X is 1-dimensional is not essential.
Let r. u'x([s, t]) X [0, oo) -» §' be the approximate retraction from w"1^» t]) to «-1(0 as in the proof of (1.3). Let fst: u'x(s) -* u'x(t) be the shape morphism induced by the restriction r|w_1(j) X [0, oo). Note that flufst = fsu for ¿ < t < u.
Then we have the following License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use (1.14) Corollary. Let X be a continuum and let u be any Whitney map for C(X).
Suppose that HX(X) is finitely generated. Then for any s G [0, u(X)), there is s' > s such that Hx(fsl): Hx(u'x(t)) -» Hx(u'x(s)) is an isomorphism for each s < t < s'.
Proof. Since Hx(fQs): Hx(u'x(s)) -» HX(X) is a monomorphism, Hx(u~x(s)) is also finitely generated. We may assume that Hx(u~x(s)) = [to_1(i) (1.15) Example. In the statement of (1.14), we cannot omit the condition that Hx( X) is finitely generated. Consider the set X = U^=1 Sn in the plane F2, where S" is the circle in F2 with center ((« -l)/w,0) and radius 1/n. Note that HX(X) is not finitely generated. Now, we shall show that for each t G (0,u(X)], Hx(f0!):
Hl(u~x(t)) -* Hx(X) is not an epimorphism. Consider the morphism Hx(i): [u'x([0, z]), S1] -» [A", S1], where i: X «-* w_1([0, z]) is the natural inclusion mapping.
Since lim"^o0diam5" = 0, there is n0 such that C(S") c w_1([0, z]) for n > n0. Let g y X -> S1 be a mapping such that g"|S" = a homeomorphism. Since C(S") is a disk, ImageHx(i)^
[gn] (n > zz0). Since i = jf0[ and _/ is a shape equivalence, ImageHx(f0l) S [g"] (zz > zz0). Hence Hx(f0l) is not an epimorphism.
Extendability with respect to an ANR. In [21]
, it is shown that for any given n < oo, the property of dimension < n is a strong Whitney-reversible property. Also, S. B. Nadler had the following question [21, (2.10)]: Is the property of dimension < n is a sequential strong Whitney-reversible property? In this section, we prove that the property of being extendable with respect to an ANR M is a sequential strong Whitney-reversible property. As a corollary, it is shown that Nadler's question has an affirmative answer.
Let M be an ANR. A continuum X is said to be extendable with respect to M provided that for any closed subset A of X and any mapping /: A -» M, there exists an extension /: X -» M of /.
The following is the main theorem in this section. For any given n < oo, the property of (cohomological) dimension < n is a sequential strong Whitney-reversible property. 33] , it was shown that the answer is " yes" in the hereditarily indecomposable case and hereditarily decomposable case. In this section, we show that the property of being chainable or circle-like is a sequential strong Whitney-reversible property.
In this section, we need the following definitions. A mapping /: X -> Y between compacta is said to be an E-mapping provided that for each y g Y, diam/-1(j>) < e (f'l(y) may be empty). In this paper, "e-mapping" does not imply "surjective." Let s+3 be a given ANR-family. A compactum X is said to be weak ty-like provided that for each e > 0 there is an e-mapping from X to some F g $. A compactum is said to be ty-like provided that for any e > 0 there is an onto e-mapping from X onto some F G «B.
First, we show the following (3.1) Theorem. Let X be a continuum and let u be any Whitney map for ¿p = 2X or C(X). Suppose that tx > t2 > • ■ • is a decreasing sequence of positive numbers in [0, w(A')] such that t = limz". // u'x(tn) is weak %-like, then u~\t) is also weak %-like.
For the case § = C( X), we have the following (3.2) Corollary.
The property of being weak ^-like is a sequential strong Whitney-reversible property.
Note that X is weak arc-like if and only if X is arc-like (chainable), and X is weak tree-like if and only if X is tree-like. Hence by (3.2), we have the following which is an affirmative answer to [20, (14.57 ) and 21, (3.6)]. The property of being chainable or tree-like is a sequential strong Whitney-reversible property.
To prove (3.1), we need the following simple lemma. For completeness, we give the proof. We shall show that f\U: U -> Z is an e-mapping. Let x, y ^ U and f(x) -f(y).
Take points jc' and _y' of A such that ¿?(x, x') < ó" and ¿/(j', y') < Ó". Then we
which implies that d(x', y') < ex. Also, we have
<(e-e1)/2 + e1+(e-e1)/2 = e.
Hence f\U: U -» Z is an e-mapping.
Proof of (3. Hence ul(t) is weak ÍB-like. This completes the proof. Next, we shall prove the following (3.5) Corollary. The property of being circle-like is a sequential strong Whitneyreversible property. More precisely, the property of being proper circle-like or chainable and circle-like is a sequential strong Whitney-reversible property.
To prove (3.5), we need the following definitions. A continuum X is said to be n-decomposable provided that A" is the essential sum of n continua, i.e., A = A, U X2 U • ■ ■ UX", where Xi is a subcontinuum of X such that AT -Uy#i AT # 0. A continuum X is said to be n-indecomposable [2] provided that X is «-decomposable License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use and not (« + ^-decomposable. Clearly, X is indecomposable if and only if X is 1-indecomposable.
(3.6) (C. E. Burgess [2, Theorem 7] ). If X is chainable, then in order that X should be circle-like, it is necessary and sufficient that X is either indecomposable or 2-indecomposable.
(3.7) Proposition.
Let X be n-decomposable and let w be any Whitney map for C( X). Then there is t0 g (0, u(X)) such that if t < z0, then u~x(t) is n-decomposable. X(A,,u,t)= {K&a-l(t)\Kr\Ai* 0} (i = 1,2,..., «).
By [14, 3. 2 Corollary], A(/l,, w, z) is a subcontinuum of w_1(Z). Then u~x(t) = 0"=fX(Al,u,t) is the essential sum of « continua, which implies that u'x(t) is «-decomposable. Proof of (3.5). By (3.2), we see that A is chainable or circle-like. Since the property of being chainable is a Whitney property [10] , the property of being proper circle-like is a sequential strong Whitney-reversible property. Now, we must show that the property of being chainable and circle-like is a sequential strong Whitneyreversible property. By (3.6), it is sufficient to prove that (a) the property of being indecomposable and chainable or (b) the property of being 2-indecomposable and chainable is a sequential strong Whitney-reversible property. By (3.3) and (3.7), the properties (a) and (b) are sequential strong Whitney-reversible properties. This completes the proof.
J. Krasinkiewicz [12, 3. 3 Corollary], proved that if X is circle-like, then for any Whitney map u for C(A), Sh(A) = Sh^HO) for each t g [0,u(X)). Hence, we have (3.8) Corollary. Let X be a continuum and let u be any Whitney map for C(X). Suppose that tx > t2> ■ ■ ■ is a decreasing sequence of positive numbers in [0, u( X)] such that lirnz,, = 0. // u~x(tn) is circle-like, then X is circle-like and Sh(A) = Sh(c>rl(0) for each 0 < z < u(X). (3.9) Example. In the statement of (3.1), we cannot conclude that if u~x(tn) iŝ -like, then u~x(t) is ^B-like in the case £> = 2X. Consider the arc X in the plane as below (see Figure 5 ). Let u: 2X -» [0, u(X)] be the Whitney map for 2X as defined by [31] and the usual Euclidean metric. Then there is a decreasing sequencê > z2 > -• -of positive numbers in [0,u(X)] such that lirnz,, = 0 and u~l(t") is not connected. Hence there is a family ÍB of compact polyhedra such that each member of *$ is not connected and u~x(tn) is ÍB-like (« = 1,2,...) (see [17] ). Since X is connected, X is not s$-like.
.nTlÄ L Figure 5 4. Inverse limits and approximations for Whitney maps. In this section, we consider the relation between inverse limits and Whitney maps.
In [22] , A. Petrus showed that the property of being an FAR is not a Whitney property, more precisely, there exist a 2-dimensional FAR A (in fact, A = a disk) and a Whitney map u for C(A) such that u~x(t) is not an FAR for some z g (0,u(X)) (cf. (1.12) ). Also, she proved that if A" is a dendrite (= 1-dimensional AR), then for any Whitney map u for C(A), u~x(t) is contractible for each t g [0, u( X)]. She had the following question [22] : Is the property of being contractible a Whitney property for 1-dimensional continua? In relation to this question, we prove the following (4.1) Theorem. The property of being an FAR is a Whitney property for 1-dimensional continua.
To prove (4.1), we need the following approximation theorem for Whitney map. which is an extension of u. Set u" = p\ $", where § = 2X" or C(X"). Note that for
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use any e' > 0, there is nx such that if « > m > «,, then d(ix, p") < e' and d(ix, pm ") < e', where ix: X -» X ■-» oX is the natural inclusion and py X -» A"" •-> oX, etc. By using this fact and the continuity of /x, we can easily see that there exist «0 satisfying the desired conditions. Proof of (4.1). Since X is tree-like, there is an inverse sequence X = { X" F" "+1} such that each Xn is a tree and A = lim AT Let e1>e2>e3>
• we can see that u'x([t -a", z + a"]) is an AR for each « = 1,2,_Hence u~x(t) is an FAR. This completes the proof. 5 . Problems. In this section, we give the following problems.
(5.1) Is it true that the movability is a Whitney property? (5.2) Is it true that the property of being pointed 1-movable, or movable is a (sequential) strong Whitney-reversible property? (5.3) Is it true that the property of being ^S-like is a sequential strong Whitneyreversible property?
